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CENTERS AND COCENTERS OF 0-HECKE 
ALGEBRAS 

XUHUA HE 

Dedicated to David Vogan on his 60th birthday 


Abstract. In this paper, we give explicit descriptions of the cen¬ 
ters and cocenters of 0-Hecke algebras associated to finite Coxeter 
groups. 


Introduction 

0.1. Iwahori-Hecke algebras Hq are deformations of the group algebras 
of finite Coxeter groups W (with nonzero parameters q). They play an 
important role in the study of representations of hnite groups of Lie 
type. 

In 1993, Geek and Pfeiffer [4] discovered some remarkable properties 
of the minimal length elements in their conjugacy classes in W (see 
Theorem 1.2). Based on these properties, they dehned the “character 
table” for Iwahori-Hecke algebras. They also gave a basis of the cocen¬ 
ter of Iwahori-Hecke algebras, using minimal length elements. Later, 
Geek and Rouquier [6] gave a basis of the center of Iwahori-Hecke alge¬ 
bras. It is interesting that both centers and cocenters of Iwahori-Hecke 
algebras are closely related to minimal length elements in the hnite 
Goxeter groups and their dimensions both equal the number of conju¬ 
gacy classes of the hnite Goxeter groups. 

0.2. The 0-Hecke algebra Hq was used by Garter and Lusztig in [2] in 
the study of p-modular representations of hnite groups of Lie type. It 
is a deformation of the group algebras of hnite Goxeter groups (with 
zero parameter). In this paper, we study the center and cocenter of 
0-Hecke algebras Hq. We give a basis of the center of Hq in Theorem 
4.4 and a basis of the cocenter of Hq in Theorem 5.5. 

0.3. It is interesting to compare the (co)centers of Hq and Hq. Let 
fhmin be the set of minimal length elements in their conjugacy classes 
in W. There are two equivalence relations ~ and ~, on ITmin (see §1.2 
for the precise dehnition). Hence we have the partition of HGiin info 
~-equivalence classes and ^^-equivalence classes. The second partition 
is hner than the hrst one. 

Key words and phrases, finite Coxeter groups, 0-Hecke algebras, Conjugacy 
classes. 
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The center and cocenter of Hq have basis sets indexed by the set of 
conjugacy classes of W, which are in natural bijection with fTmm/ ~- 
The cocenter of Hq has a basis set indexed by ITmin/ ~ and the center 
of Hq has a basis set indexed by Here ~ is dehned 

using maximal length elements instead and there is a natural bijection 
between ITmax/ ~ with the set of ^-equivalence classes of minimal 
length elements in their “twisted” conjugacy classes in W. In general, 
the number of elements in ITmax/ ~ is different from the number of 
elements in ITmin/ ~- 

0.4. The paper is organized as follows. In section 1, we recall some 
properties of the minimal length and maximal length elements. In 
section 2, we recall the results on the center and cocenter of ffg. We 
give parameterizations of hhinin/ ~ and ITmax/ ~ in section 3. In section 
4, we give a basis of the center of IIq and in section 5, we give a basis 
of the cocenter of Hq. In section 6, we describe the image of a standard 
element in the cocenter of Hq and discuss some applications to the 
class polynomials of Hq. 

1. Finite Coxeter groups 

1.1. Let S' be a hnite set. A Coxeter matrix {frisks')s,s'es is a niatrix 
with entries in N U {cxd} such that niss = 1 and ms,s' = Ris',* ^ 2 for all 
s 7 ^ s' in S. The Coxeter group W associated to the Coxeter matrix 
{ms,s') is the group generated by S with relations (ss')'"'’-'’' = 1 for 
s,s' E S with ms,s' < oo. The Coxeter group W is equipped with the 
length function £ : IF —)■ N and the Bruhat order 

For any J C S', let IFj be the subgroup of IF generated by elements 
in J. Then IFj is also a Coxeter group. 

1.2. Let S be an automorphism of IF with S{S) = S'. We say that the 
elements w,w' E W are d-conjugate if there exists x E W such that 
w' = xwS{x)~^. Let d(W)s be the set of d-conjugacy classes of IF. 
We say that a d-conjugacy class 0 is elliptic if 0 fl IFj = 0 for any 
J = 5{J) C A. 

For any w E IF, let supp(tc) be the set of simple reflections that 
appear in some (or equivalently, any) reduced expression of w. Set 
supp 5 (tc) = Uj^o<5*(supp(tc)). Then 0 G cl{W)s is elliptic if and only if 
supp 5 (tc) = S for any w E 0. 

For w,w' E W and s G S', we write w -^s w' if w' = sw5{s) and 
i{w') ^ i{w). We write w -Es w' if there exists a sequence w = 
Wq., tci, • • • ^Wn = w' oi elements in IF such that for any k, Wk-i -^s R’fc 
for some s E S. We write w w’ if w -Es w' and w' -Es w. 

We say that the two elements w,w' E W are elementarily strongly 
5-conjugate if l{w) = l{w') and there exists x E W such that w' = 
xw5{x)~^, and ^{xw) = ^{x) + ^{w) or i{w5{x)~^) = i{x) + i{w). We 
say that w,w' are strongly 5-conjugate if there exists a sequence w = 
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Wo, wi, ■ ■ ■ ,Wn = w' such that for each i, Wi-i is elementarily strongly 
(5-conjugate to Wi. We write w w' if w and w' are strongly 5- 
conjugate. It is easy to see that 

Lemma 1.1. Ifw,w'EW with w w', then w w'. 

Note that and are both equivalence relations. For any 0 G 
cl(W), let Omin be the set of minimal length elements in 0 and Omax 
be the set of maximal length elements in 0. Since and are 
compatible with the length function, both Omin and Omax are unions of 
~ 5 -equivalence classes and unions of ^^-equivalence classes. 

LetlF^ 

,min LloGc«(W)aC)min and hFymax — ^ 0 £d{W)s^ max* LetlF^ 

,min/ ^ 

be the set of ~ 5 -equivalence classes in Hdnin- We dehne hFymin/ 
Wds.max/ and Wymax/ in a similar way. 

If 6 is the identity map, then we may omit S in the subscript. 

The following result is proved in [4, Theorem 1.1], [3, Theorem 2.6] 
and [7, Theorem 7.5] (see also [9] for a case-free proof). 

Theorem 1.2. Let W be a finite Coxeter group and 0 be a 5-conjugacy 
class of W. Then 

(1) For any w E 0, there exists w' G Omin such that w -Es w'. 

(2) Omin is a single strongly 5-conjugate class. 

(3) If 0 is elliptic, then Omin is a single ^s-eguivalence class. 

As a consequence of Theorem 1.2, it is proved in [7, Corollary 4.5] 
that the set of minimal length elements in 0 coincides with the set of 
minimal elements in 0 with respect to the Bruhat order 

Corollary 1.3. Let W be a finite Coxeter group and 0 be a 5-conjugacy 
class of W. Then Omin = {w E 0-,w' ^ w for any w' E 0}. 

1.3. One may transfer the results on minimal length elements to results 
on maximal length elements via the trick in [3, §2.9]. Let wo be the 
longest element in W and 5' = Ad(tco) o <5 be the automorphism on W. 
Then the map 

W ^ W,w wwq 

reverses the Bruhat order and sends a (5-conjugacy class 0 to a 5'- 
conjugacy class O'. Moreover, wi W 2 if and only if W 2 W 0 —ts' wiWq. 
Thus 

Theorem 1.4. Let W be a finite Coxeter group and 0 be a 5-conjugacy 
class of W. Then 

(1) For any w E 0, there exists w' G Omax such that w' -Es w. 

(2) Omax = {w E 0-,w ^ w' for any w' E 0}. 

2. Finite Hecke algebras 

In the rest of this paper, we assume that IF is a finite Coxeter group. 
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2.1. Let q be an indeterminate and A = C[q]. The generic Hecke 
algebra (with eqnal parameters) El of hh is the A-algebra generated by 
{Tw'jW G IT} snbject to the relations: 

(1) if i{ww') = i{w) + i{w'). 

(2) {T, + 1)(T, - q) = 0 for s e 

Given g G C, let Cq be the A-module where q acts by q. Let Hq = 
El (g)A Cq be a specialization of El. 

In particular, Hi = C[1T] is the group algebra. The algebra Hq is 
called the Q-Hecke algebra. We will discuss it in details in the next 
section. 

For any tc G IT, we denote by = Ti, G) 1 G We simply write 
iw for Tyj Q. 

2.2. Let [El, EI]^ be the ^-commutator of El, that is, the A-submodule of 
El spanned by [h, h'] = hh' — h'6{h) for h, h' G El. Let EI^ = EI/[EI, EI]^ 
be the Tcocenter of El. 

For any g G C, we dehne the Tcocenter Hq^^ in the same way. Notice 
that if g 7 ^ 0, then is invertible in Hq for any w G IT. However, 
if g = 0, then is invertible in Hq if and only if tc = 1. This makes 
a difference in the study of the cocenter of Hq (for g 7 ^ 0 ) and the 
cocenter of Hq. 

Proposition 2.1. Let w,w' G IT. If w w', then the image of 
and T^/ in EI^ are the same. 

Proof. It suffices to prove the case where w ui' and £(w) = i{w'). 
Without loss of generality, we may assume furthermore that sw < w. 
Then = TgTsw and T^/ = TgwTs^s)- Hence the image of and T^/ 
are the same. □ 

For g 7 ^ 0, a similar argument shows that if w w', then the image 
of and in Hq^s are the same. By Theorem 1.2 (2), for any 
Tconjugacy class 0 of IT, Omm is a single strongly Tconjugacy class. 
Thus 

Proposition 2.2. ([4, §1] and [3, 7.2]) 

Z/<? 7 ^ 0; then for any 0 G d(W)s and w,w' G Omin, the image of 
Tw,q and Tw',q in Hq s are the same. 

Remark. We denote this image by Tg g. 

Theorem 2.3. ([4, §1] and [3, Theorem 7.4 (1)]) 

//g 7 ^ 0, then {To^q}o^ciiw)s form a basis of Hq^s- 

Proposition 2.4. ([4, §1.2] and [3, Theorem 7.4 (2)]) 

hf Q 7^ 0, then there exists a unique polynomial fw,o G Z[g] for any 
w E W and 0 G d(W)s such that the image of in Hq^s equals 
,oTo,q- 


E 


oeci { W)s E 
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Remark. The polynomials are called the class polynomials. They 
play an important role in the study of characters of Hecke algebras. 

Theorem 2.5. ([6, Theorem 5.2]) 

Let q ^ 0. Let 

Z{Hq)s = {h E Hq] h'h = h6{h') for any h' E Hq} 
he the 6-center of Hq. For any 0 G cl(W)s, set 

wEW 

Then {zo}oediw)s form a basis of Z{Hq)s. 


As a consequence of the results above, we have 
Corollary 2.6. If q ^ 0, then 

dim Z{Hq)s = dim Hq^s = ‘^,cl{W)s. 

3. Parameters ATioNS of lVs,„im/ and lVs,max/ ^5 

3.1. Notice that for q ^ 0, both Hq^s and Z{Hq)s have basis sets in¬ 
dexed by cl(W)s, which is in natural bijection with hhs^min/ As 
we will see later in this paper, for Hqs and Z{Hq)s, we need to use 
hP(5,min/ ~(5 and Wds^max/ instead. We give parameterizations of 
these sets here. 

3.2. Let Ts = {{J,Cy,J = 6{J) C S,C E cl{Wj )5 is elliptic}. There 
is a natural map 

f ■.rs^cl{W)s, {J,C)^(D, 

where 0 is the unique (5-conjugacy class of W that contains C. 

We say that (J, C) is equivalent to (J', C") if there exists x E 
and the conjugation by x sends J to J' and sends C to C . By [1, 
Proposition 5.2.1], f induces a biiection from the equivalence classes of 
T^ to cl{W) 5 . 

Proposition 3.1. Let 0 E cl(W)s. Then 

Omin = LJ(j^c')Gr5 with f{J,C)=oC rain¬ 
proof. If (J, C) G with f{.J,C) = 0, we have Cmin ^ Omin by [7, 
Lemma 7.3]. 

Let w E Omin- Let J = supp 5 (t(;) and C E cl{Wj)s with w E C. By 
[7, Theorem 7.5 (PI)], C is an elliptic (5-conjugacy class of Wj. Since 
w G Omin and W E C, W E Cmin- n 

Corollary 3.2. The map 

/ : T^ —)■ hPymin/ ~(5, (J, C) I—)■ Cmin 

is a bijection. 
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Proof. Let {J,C) G L^ and w E Cmin- If w w', then w' = w or 
sw < w OT w6{s) < w. In the latter two cases, s E J. Therefore 
w' E C. Since w E Cmin and l{w') ^ f'(tc), w' E Cmin- 

By dehnition of ~ 5 , v E Cmin for any v E W with w v. On 
the other hand, by Theorem 1.2, Cmin is a single ^^-equivalence class. 
Hence the map (J, C) i—)■ Cmin ^ hhymin/ is well-dehned. 

It is obvious that this map is injective. The surjectivity follows from 
Proposition 3.1. □ 


Using the argument in §1.3, we also obtain 
Corollary 3.3. Set 5' = Ad(tco) o The map 

hy y m<5 max/ I y Cmin^O 

is a bijection. 

Example 3.4. Let W = S 3 . Then jjc/(IU) = 3, jjT = 4 and tirAd(«)o) = 
3. Therefore «(IUmin/ ~) ^ MW) and ^(lUmin/ ^ tt(IUmax/ ~) for 
W = S 3 . 


4. Centers of 0-Hecke algebras 


4.1. Let S e hUymax/ Set 

hU^s = {a; G hU; a; ^ tc for some w G S}, 

As ^ ^ A- 

Now we recall the following known result on the Bruhat order (see, 
for example, [12, Lemma 2.3]). 

Lemma 4.1. Let x,y E W with x ^y. Let s E S. Then 

( 1 ) min{a;,sa;} A Hiin{|/, sy} and max{a;, sa;} A Hiax{|/, s|/}. 

( 2 ) min{a;, a;s} A Hiin{|/,|/s} and max{a;, a;s} ^ ma,x{y,ys}. 

Lemma 4.2. Let S G hUymax/ and s E S. Then {x E W]x ^ 
IU^s,sa; G WM = {xEW;x^ IU<s,a;As) G W^- 

Proof. Let x E W with x ^ hU^s, sx G hU^s- By dehnition, sx ^ w 
for some tc G S. Since x ^ w, we have sx < x and sw > w hy 
Lemma 4.1. Thus i{swS{s)) ^ i{sw) — 1 = i{w). Since w G hUymax, 
i{sw 6 {s)) = i{w) and sws G S. Moreover, sw 6 {s) < sw. 

Since sx ^ w and w < sw, x A sw. By Lemma 4.1, min{a;, a;(5(s)} A 
swS{s). Since x ^ hU^s, xS{s) E hU^s- □ 

Lemma 4.3. Let S G hUymax/ ~< 5 - Then G Z{Ho)s. 


Proof. Let s E S. Then 


AAs — E tstx tstx + 








yeW^-E,sy^W^-E 
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If X, sx e then tstx + tstsx = 0. li y e sy ^ then 

y < sy and tgty = tgy Therefore 

^ ^ tx- 

xGW ,sx£W^-e 

Similarly, 

t^st(5(s) ^ ^ tx- 

x(^W;xfW^s,x5{s)(^W^s 

By Lemma 4.2, = t<^Y.ts{s) for any s E S. Thus ^ Z{Hq)s. 

□ 

Theorem 4.4. The elements {t<gs}seWamax/~« form a basis of Z{Hq)s. 

Proof. For any h = 'Yhwe.w ^ -^O’ write supp(/i) = {w G 
IF;a^ 7 ^ 0}. Let supp(/i)max be the set of maximal length elements in 
supp(/i). We show that 

(a) If h G Z{Hq )5 and w G supp(h)max, then sw6{s) G supp(h)max 
and asw 5 {s) = a-w for any s E S with sw > w or ws > w. 

Without loss of generality, we assume that sw > w. Then sw E 
suppitsh) = supp{hts(s)) and 

supp(t^h)max = {sx;x E supp(/i)max,-sa; > x}, 
supp(ht5(^))max = {yS{s)]y E supp(h)max,l/5(s) > I/}- 

Therefore swS{s) E supp(h)max and i{swS{s)) = i{w). The coeffi¬ 
cient of tsw in tsh is a^^, and the coefficient of tsw = t(sw 5 {s))S{s) in hts{s) 
is Thus 

(a) is proved. 

Now we show that 

(b) If h G Z{Ho)s, then SUpp(/l)max ^ IFymax- 

If tc ^ bhyrnax, then by Theorem 1.4, there exists w' with i{w') = 
i{w) + 2 and s E S with w' -Es sw'S{s) ru. By (a), sw'5{s) E 
supp(/i)max since sw'5{s) w. Since sw' < w', by (a) again, w' E 
supp(h)max- That is a contradiction. 

(b) is proved. 

Now suppose that ^ Z{Ho)s. Let h be an element 

in Z(iLo)5-®seW5,n,ax/~5Ct,gE and max^gsupp(/i) ^{w) ^ max^esupp(h') ^{w) 
for any h' E Z{Ho)s - ®T.&Ws,^^^/-s'Z-t^T- 

By (a) and (b), supp(/i)max is a union of S with S G hFymax/ ~( 5 - 
By (a), if S C supp(/i)max, then Ow = a^/ for any w-^w' G E. We 
set oe = for any w E T. Set h' = h - EECsupp(h),„ax 
Then h' E Z{Ho)s - But max^esupp(ft') < 

maxu,gsupp(/i) ^(tc). That is a contradiction. □ 

4.2. In fact. Theorem 4.4 also holds for the 0-Hecke algebras associated 
to any affine Weyl group and the proof is similar (the only difference 
is that one use [14, Main Theorem 1.1] instead of Theorem 1.4). 
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On the other hand, there are other explicit descriptions of the centers 
of hnite and affine Hecke algebras. 

• Geek and Rouquier [ 6 , Theorem 5.2] gave a basis of the centers 
of finite Hecke algebras with parameter q ^ 0. 

• Bernstein, and Lusztig [11, Proposition 3.11] gave a basis of the 
centers of affine Hecke algebras with parameter q ^ 0. 

• Vigneras [15, Theorem 1.2] gave a basis of the centers of affine 
0-Hecke algebras and pro-p Hecke algebras. 

It is interesting to compare Theorem 4.4 (for hnite and affine 0-Hecke 
algebras) with the above results. 

5. Cocenters of 0-Hecke algebras 

5.1. For any S G IHymin/ ~( 5 , we denote by the image of in EI 5 
for any tc G S. By Proposition 2.1, the element Ts is well-dehned. 
Similar to the proof of Theorem 2.3, we have 

Proposition 5.1. The set {Ts}serv 5 min /~5 spans EI 5 . 

5.2. Via the natural bijection / : P^ —)■ IVymin/ in Corollary 3.2, we 

may write T(j^c') for We also write t(j^c) = tfiJ,c) for e 

Ho,s = IHI<5 C)a Cq. 

It is worth mentioning that EI^ is not a free module over A by 
Theorem 2.3 and Theorem 5.5 we will prove later. This is because 
dimifg ^5 = '^d(W)s for any g 7 ^ 0 and dimilfo ,5 = ~<5- These 

numbers do not match in general (see Example 3.4). 

5.3. Now we come to the cocenter of 0-Hecke algebras. 

We hrst recall the Demazure product. 

By [ 8 ], for any x,y ^ W, the set {uv;u ^ x,v ^ y} contains a 
unique maximal element. We denote this element hjx*y and call it 
the Demazure product of x and y. It is easy to see that supp(a; * y) = 
supp(a;) U supp(p). The following result is proved in [ 8 , Lemma 1]. 

Lemma 5.2. Let t, p G W. Then 

if— (—^ \(-d)+^iy)-^d*y)+ 

Lemma 5.3. For any J = 6{J) C S, set = ©supp 5 (u))=jCt^. 

Then 

[Ho,Ho\ 5 = ®j=5ij)<zs{Hr'^^=' n [Ho,Ho\5). 

Proof. By Lemma 5.2, for any x,y G W, 

^x^y \ -*-/ ^x^yt 

tytsi.) = 

Moreover, supp 5 (a; * y) = supp 5 (a;) U supp^(p) = supp 5 (p * ((5(a;)). 
Thus t.t„ e pp.(-.) and PPh-P), 

□ 
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Another result we need here is that the elliptic conjugacy classes 
never “fuse”. 

Theorem 5.4. ([5, Theorem 3.2.11] and [1, Theorem 5.2.2])^ 

Let J = S{J) C S. Let C,C' be two distinct elliptic 5-conjugacy 
classes ofWj. Then C and C are not 6-conjugate in W. 


Now we come to the main theorem of this section. 


Theorem 5.5. The elements {t{pc)}iJ,c)<=rs form a basis of Hq^s- 

Proof Suppose that Xl(j,c)Gra ot{J,c)t{j,c) = 0 in for some a(j,c') e 
C. Then by Lemma 5.3, for any J = 6{J) C S, 

a(j,c)t(j,c) = 0 . 

CGcI{Wj)s is elliptic 

Fix J = 6{J) C S. We show that 

(a) The set {T(j,c)}c£ci{Wj)s is elliptic is a linearly independent set in 
Suppose that 

Y. bcT(^j,c) = 0 G EI^ 

CGcI{Wj)s is elliptic 

for some be & A. Then 

Y. |q=g ^{J,c) = 0 G Hq^S 

C^cl(W j)s is elliptic 

for any q ^ 0. By Theorem 2.3, the set {T(j^c),q}c&ci{Wj)s is elliptic is a 
linearly independent set in Hg s for any q 0. Hence be |q=g= 0 for 
any g 7 ^ 0. Thus be = 0. 

(a) is proved. 

In other words, J2ceci(Wj)s is elliptic is a free submodule of H 

with basis T(j,c)- Thus ^eeciiWj)s is eiiiptic^t{J,c) is a free submodule 
of Hq s with basis Therefore aj^e = 0. □ 


5.4. Now we relate the cocenter of Hq to the representations of Hq. 

For any J C S, let Aj be the one-dimensional representation of Ho 
dehned by 


^j(ts) 


— 1, if s G J; 
0, if s ^ J. 


^The proof in [5] and [1] are based on a characterization of elliptic conjugacy 
classes using characteristic polynomials [5, Theorem 3.2.7 (P3)] and [7, Theorem 
7.5 (P3)], which is proved via a case-by-case analysis. It is interesting to find a 
case-free proof of these results. 
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By [13], the set {AjIjcs is the set of all the irreducible representa¬ 
tions of Hq. 

Let R{Hq) be the Grothendieck group of hnite dimensional repre¬ 
sentations of Hq. Then R{Ho) is a free group with basis {\j}jcs- 
Consider the trace map 

Tr:lR^R{Ho)\ h ^ {V ^ tr{h,V)). 


It is easy to see that for any (J, G) G T and KGS, 


R(tj,c, ^k) 


(_l)dG^ if J C iL; 
0, otherwise. 


Here i{C) is the length of any minimal length element in C. 

By [10, Proposition 6.10], for any J G S and any two elliptic conju- 
gacy classes C and C of Wj, 1(C) = t(C') mod 2. Therefore, 


Proposition 5.6. The trace map Tr : Hq ^ R(Hq)* is surjective and 
the kernel equals (Bj<zs,c,C'eci{Wj) are eiiipUcC{t(^j^c) — ^(J,c")}- 


6. A PARTIAL ORDER ON Ws,min/ 

6.1. Let w E W and S G HA,min/ we write S ^ tc if there exists 

w' E T, with w' ^ w. For w E W and 0 G d(W)s, we dehne 0 A "Ui in 
the same way. 

We define a partial order on HA,min/ as follows. 

For S, S' G HA,min/ ~( 5 , we write S' A F if S' ^ tc for some tc G S. 
By [7, Corollary 4.6], S' A F if and only if S' ^ tc for any tc G S. In 
particular, ^ is transitive. This dehnes a partial order on HA,min/ ^s- 
We dehne a partial order on cl{W)s in a similar way. 

Proposition 6.1. Let 0,0' G cl(W)s. The following conditions are 
equivalent: 

(1) For any w E Omin, there exists w' G OAm such that w' ^w. 

(2) There exists w G Omin and w' E OAm such that w' ^ w. 

Remark. We write 0' A 0 if the conditions above are satished. Then 
the map HA,min/ t cl(W)s is compatible with the partial orders A- 

Proof. Let w,wi E Omin and w' G OAm with w' ^ w. Let J = supp 5 (t(;), 
Ji = supp^(t(;i) and J' = supp, 5 (t(;'). Let C G cl(Wj)s and Ci E 
cl(Wjf)s with w E C and w[ E Ci. By §3.2, there exists x E and 
the conjugation of x sends J to A and sends C to Ci. Since w' ^ w, 
J' C J. As the conjugation by x sends simple rehections in J to simple 
rehections in A, we have xw'x~^ ^ xwx~^. Moreover, xwx~^ E Ci 
is a minimal length element. By Theorem 1.2, xwx~^ w'. By [7, 
Lemma 4.4], there exists w( E OC^ with w( A w\. □ 

Proposition 6.2. Let w E W. Then 

(1) The set {S G HA,min/ A w} contains a unique maximal 

element S^,. 
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(2) The image of in Hq^s equals (— 

Remark. By Theorem 5.5, part (2) of the Proposition gives another 
characterization of 

Proof. We argue by induction on i{w). 

If tc G hPymin, we denote by the ~ 5 -equivalence class that contains 
w. By dehnition, for any S G Ws,min/ ~<5 with E ^ w, S ^ S^. Also 
by dehnition, the image of in Hq s is . 

Now suppose that w G hPymin- By Theorem 1.2 (1), there exists 
w' E W and s E S such that w ^ w' and i{sw'6{s)) < i{w'). Let 
S G hPymin/ with S ^ tc. By [7,Lemma4.4], S ^ w'. Inother 
words, there exists t G S with x ^ wk 
Now we prove that 
(a) E ^ Esu,/. 

If T < sx, then by Lemma 4.1, x ^ sw' and E ^ sw'. 

If sx < X, then i{sxS{s)) ^ i{sx) + 1 = i{x). Hence sa;(5(s) G E. By 
Lemma 4.1, sx ^ sw'. Since sw'S{s) < sw', by Lemma 4.1 again, we 
have sa;(5(s) ^ sw'. Thus E ^ sw'. 

Since i{sw') < i{w), by inductive hypothesis, E*^/ is dehned and 
E ^ E^^/. 

(a) is proved. 

Since E^^/ ^ sw', E^^/ ^ w'. By [7, Lemma 4.4], E^u,' ^ w. Thus 
Esu,' is the unique maximal element in {E G Ws^min/ ~( 5 ; B ^ w}. 

We also have 

l^swRs(s) l^sw' mod [TTq, 77q](5. 

By inductive hypothesis, the image of tgw' in Ho ,5 is (— 

Hence the image of in i 7 o ,5 is (—• 


6.2. For any w E W , we denote by 0^, the image of E^, under the 
map HA, min/ cl{W)s. Then 0^ is the maximal element in {0 G 
cl{W)s-, 0< w). 

Now we discuss some application to class polynomials. 

Let w E W . By Proposition 2.4, for any g 7 ^ 0, 

Tw,q = fw,oTo,q G Hq S- 

0&cl{W)s 

By the same argument as in Proposition 6.2, 0 = 0 unless 0 A 0^,. 

Moreover, by Proposition 5.1, there exists G A such that 

Tw = o-w,j:Ty E EI^. 

Let p : HA, min/ ^ cl(W)s be the natural map. Then for any g 7 ^ 0, 
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Therefore for any 0 E cl(W)s, J2p(E)=o = fw,o- 
By Proposition 6.2, 


(^w,E £ 


^_j_ qyY^ 

qA, 


if S = Su,; 
otherwise. 


Therefore 


+ qZ[ql 

gZ[g] 


if C 0; 
otherwise. 


□ 


Acknowledgement 

We thank D. Ciubotaru, G. Lusztig and S. Nie for helpful discussions. 

We thank the referee for his/her valuable suggestions. 

References 

[1] D. Ciubotaru and X. He, The cocenter of graded affine Heeke algebra and 
the density theorem, arXiv:1208.0914. 

[2] R. W. Carter and G. Lusztig, Modular representations of finite groups of 
Lie type, Proc. London Math. Soc. (3) 32 (1976), 347-385. 

[3] M. Geek, S. Kim, and G. Pfeiffer, Minimal length elements in twisted conju- 
gacy classes of finite Coxeter groups, J. Algebra 229 (2000), no. 2, 570-600. 

[4] M. Geek and G. Pfeiffer, On the irreducible eharacters of Heeke algebras, 
Adv. Math. 102 (1993), no. 1, 79-94. 

[5] M. Geek and G. Pfeiffer, Characters of finite Coxeter groups and Iwahori- 
Hecke algebras, London Mathematieal Soeiety Monographs. New Series, vol. 
21, The Glarendon Press Oxford University Press, New York, 2000. 

[6] M. Geek and R. Rouquier, Centers and simple modules for Iwahori-Heeke 
algebras. Finite reduetive groups (Luminy, 1994), Progr. Math., 141, pp. 
251272, Birkhauser, Boston, 1997. 

[7] X. He, Minimal length elements in some double eosets of Coxeter groups, 
Adv. Math. 215 (2007), no. 2, 469-503. 

[8] X. He, A subalgebra of 0-Hecke algebra, J. Algebra 322 (2009), 4030-4039. 

[9] X. He and S. Nie, Minimal length elements of finite Coxeter group, Duke 
Math. J. 161 (2012), 2945-2967. 

[10] G. Lusztig, Charaeters of reductive groups over a finite field, Annals of 
Mathematies Studies, vol. 107, Prineeton University Press, Prineeton, NJ, 
1984. 

[11] G. Lusztig, Affine Heeke algebras and their graded version, J. Amer. Math. 
Soe. 2 (1989), 599-635. 

[12] G. Lusztig, Heeke algebras with unegual parameters, GRM Monograph Se¬ 
ries, vol. 18, Ameriean Mathematieal Soeiety, Providenee, Rl, 2003. 

[13] P. N. Norton, 0-Heeke algebras, J. Austral. Math. Soe. Ser. A 27 (1979), no. 
3, 337-357. 

[14] S. Rostami, Conjugacy elasses of non-translations in affine Weyl groups and 
applications to Heeke algebras, arXiv:1306.5255, to appear in Trans. Amer. 
Math. Soe. 

]15] M.-F. Vigneras, The pro-p-Iwahori-Hecke algebra of a reductive p-adie 
group, II, Munster J. Math. 7 (2014), 363-379. 



CENTERS AND COCENTERS OF 0-HECKE ALGEBRAS 


13 


Department of Mathematics, University of Maryland, College Park, 
MD 20742, USA and department of Mathematics, HKUST, Hong Kong 
E-mail address: xuhuahe@math.umd.edu 



